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¬»cPnp_faR2jwpR2Rb}z®		´R2Q(Q§ws^$wpxPxPgRb}4_hn
W
nyc¦_aNPRnyxR2c¤nydPcz}^Rb}¤]hdP]hR_
∪x∈ΩB(x, η)
gQ(xPgRJ]5_hNwp__hNR2faR§R¹^g]|_a]!wyc¤R2cPRbfh{[¥}^R2cz]|g_`[
Whom
µ+NPn{]hRUw{]h]hn^~gjw _hRJ}R2cPRbfh{[
Ihom
gj]_aNPR
Γ Ç
gQ(g_-ny£
I
nyc
W 1,p(∪x∈ΩB(x, η))
¯MﬀNPRUn^~2wyg_`[
ny£
Γ Ç
~nyc\Ł{R2fayR2cz~R§¬©gL¯ }´¯q_hNRR2cR2fay[¨}^R2c]hg_`[%ny£_hNPR
Γ Ç
gQ(g¸_5}^n\Rb]qcnp_}PR2xR2c}sn{cs_hNR)}^n{Q(wygcsny£
gck_hRbyfw _hgnyc®	C_hNR§gfafhRbRbŁ wpc~2R)ny£-nydPc}wpfa[¥~n{c}^g_hgnyc]W£©nyf5_aNPR
Γ Ç
~n{c\ŁyR2fayRbc~R%¬»uqxxzRbc}^g¹¦z¯®
wyc}1_hNPR!RJi{dg
Ç
~n\R2f~gŁ\g¸_`[H¬	´RbQQ§w¨®¶gQ(xP[
lim
→0
(
inf
{∫
ω
W(y,∇v) | v ∈ W
1,p(ω), < ∇v >ω= ξ
})
= inf
{∫
ω
Whom(y,∇v) | v ∈ W
1,p(ω), < ∇v >ω= ξ
} ¬L k®
£©n{fqR2Ł{R2fa[nyxR2cH]hdP]hR_
ω ⊂ ∪x∈ΩB(x, η)
wpc}£©n{fUwp
ξ ∈ Rn
¯-½¶ikdwyg_`[¤¬D \®µ+g¸_aN
ω = B(x, η)
faRbw{}P]
lim
→0
Wη,(x, ξ) = Wη,hom(x, ξ),
¬D{y®
£©n{f+R2Ł{R2fa[
ξ ∈ Rn
Pµ+NPRbfhR
Wη,hom(x, ξ) = inf
{
< Whom(·,∇v(·)) >B(x,η) |
v ∈ W 1,p(B(x, η)), < ∇v(·) >B(x,η)= ξ
}
.
MﬀNPR5RbcPR2fay[}^Rbc]hg¸_agRJ]
Wη,(·, ξ)
wpcz}
Wη,hom(·, ξ)
wyfhRQ(Rbwy]hdPfwpPRq£©n{fqwp

wpc}
η
wyc^£9£©n{fawy
ξ ∈ Rn
wy]q_hNPR)gQ(g¸_]Uny£_hNPR£©nyn µ+gcP§Q(Rbw{]|dfawyPR5£©dc~	_agn{c]2
x 7→
∫
B(x,η)
W(y,∇un(y))
wpc}
x 7→
∫
B(x,η)
Whom(y,∇vn(y))
µ+NPRbfhR
un
wyc}
vn
wpfaRQ(gcPgQ(gªbgcW]hRbikdPR2cz~Rb]9np£\_hNRb]hRmgck_aR2yfwpj]@n{c
_aNPRﬀ]|R2_
{v ∈ W 1,p(Ω) | < ∇v >B(x,η)= ξ}
¯MnUxfhn Ł{R_hNwp_
Wη,
wpcz}
Wη,hom
wpfaRtwpfw _aNPe2n^}^n{fh[
£©dc~	_agn{c]2Cg_faR2Q§wygc]q_hnxPfan ŁyR5_hNzw _£©nyf5wpQnk]`_R2Ł{R2fa[
x ∈ Ω

Wη,(x, ·)
wyc}
Wη,hom(x, ·)
wyfhR
~2nyck_hgc\dPnydz]-n{c
R
n ^µ+NPg~N¨gj]+wy~_hdwy[1w(~n{c]|RJikdPR2c~2R5np£$~2nyc\ŁyR2¹^g¸_`[H¬»xPfhn{xzRbf|_`[  ®	¯
=¦RcPn µ°]|Nn µ _aNw _q_aNPRRbcPR2fay[1}PR2c]hg¸_agRJ]
Wη,
wpcz}
Wη,hom
]aw _hgj]|£©[1_aNPRxPfanyxR2fh_hgRb]

wpcz}


¯m¼nyfqwpQ(n{]|_+R2ŁyRbfh[
x ∈ Ω
wpc}1£©nyfqwy
ξ ∈ Rn

Wη,(x, ξ) = inf
{
< W(·, ξ +∇v(·)) >B(x,η) | < ∇v >= 0
}
≤ < W(·, ξ) >B(x,η)
≤ C(1 + |ξ|p),
w{]
W
]aw _ag]|±Rb]


Q
	9R_
vξ
}^R2cnp_hRw§Q(gcgQ(gª2R2fnp£
inf
{
< W(·, ξ +∇v(·)) >B(x,η) | < ∇v >B(x,η)= 0
}
Cµ-R!_aNPR2c
NzwŁyR
Wη,(x, ξ) ≥ c < |ξ +∇vξ(·)|
p >B(x,η),
w{]
W
]aw _ag]|±RJ]


≥ c inf
{
< |ξ +∇v(·)|p >B(x,η) | < ∇v >= 0
}
= c |ξ|p.
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t-n{c]hRbikdPR2ck_a[
Wη,
]aw _ag]|±RJ]


¯!MﬀNPR(]hwyQR~2wy~2dPwp_hgnyc]WNPn{}¨£©n{f
Wη,hom
¯!MﬀNPR(~n{c\ŁyR¹^g_`[%ny£
Wη,(x, ·)
wpc}Hnp£
Wη,hom(x, ·)
gj]Ww1~nycz]|RJi{dR2c~2Rnp£_aNPR£©n{n µ+gc1~2wy~2dPwp_hgnyc´¯ 	´R_
ξ

ζ ∈ Rn

λ ∈ (0, 1)
wyc}
v1

v2 ∈ W
1,p(Ω)
]hd~N1_aNw _
< ∇v1 >=< ∇v2 >= 0
¯uU]
W
gj]+~n{ckŁ{R¹@
< W(·, λ(ξ +∇v1(·)) + (1− λ)(ζ +∇v2(·))) >B(x,η)
≤ λ < W(·, ξ +∇v1(·)) >B(x,η) +(1− λ) < W(·, ζ +∇v2(·)) >B(x,η) .
	9R_¶cn µ
v˜1
wyc}
v˜2
RUfaRb]hxzRJ~	_agŁ{R2[Q(gcgQ(gª2R2f]ny£_aNPR+±f]|_-wpc}(]hRb~2nyc}_aR2faQ(]mnp£C_hNPRUfhgyNk_
Ç
Nwyc}
]hgj}^R!wpn ŁyRy¯ =¦R!NwŁyR
< W(·, λ(ξ +∇v˜1(·)) + (1− λ)(ζ +∇v˜2(·))) >B(x,η)
≤ λWη,(x, ξ) + (1− λ)Wη,(x, ζ)
uUc}¨~n{c]|RJikdPR2ck_h[
Wη,(x, λξ + (1− λ)ζ) ≤ λWη,(x, ξ) + (1− λ)Wη,(x, ζ).
ró_qgj]ﬀµnyfh_hNcPnp_ag~2gcP_aNw _qg£
W
gj]+]`_afhgj~	_a[~nyc\Ł{R¹@k_hNPRbc
Wη,
gj]+wpj]|n§]|_hfag~_h[1~n{c\ŁyR¹@¯
Y\gc~2R
Wη,
wpc}
Wη,hom
]hwp_hgj]`£©[



wpc}


µR~2wycdz]|R	9R2Q(Q§w%)wpc}_aNPR!xzn{gck_`µ+gj]|R
~2nyc\ŁyRbfh{R2c~2R)¬Lyy®¶_anxfhn Ł{RU_aNw _
Γ(Lp)− lim
→0
Iη, = Iη,hom
n{c
W 1,p(Ω)
µ+NPRbfhR
Iη,hom = u 7→
∫
Ω
Wη,(x,∇u)
¯¢TU]hgc 	´RbQ(Q(w y


wpj]|ngQ(xPgRJ]%_hNPR
~2nyc\ŁyRbfh{R2c~2RUny£9_hNR!gc^±zQ(w
lim
→0
inf
{
Iη,(u), u ∈ W
1,p(Ω) + BC
}
= inf
{
Iη,hom(u), u ∈ W
1,p(Ω) + BC
}
wyc}_hNRµRbwp·¨~n{c\ŁyR2fayRbc~R5gc
W 1,p(Ω)
np£mwpc\[¨~n{fhfaRb]hxzn{c}^gcP§]|RJikdPR2c~2Rnp£mQ(gcPgQgª2Rbfa]
uη,
_hn
]hnyQ(R5Q(gcgQ(gª2R2f
uη,hom
^dPx_an§R¹\_hfwy~_hgnyc´¯
r¿cºwy}P}^g_hgnyc9m\[4_aNPRswpxPxgj~2wp_hgnyc²ny£+_hNPR¨}^nyQ(gcw _aRb}­~nyc\Ł{R2fayR2cz~R(_hNR2nyfaR2Q¨£©n{f)RbŁyRbfh[
u ∈
W 1,p(Ω)

∫
Ω
Wη,(x,∇u)
~n{ckŁ{R2fayRJ]_hn
∫
Ω
Wη,hom(x,∇u)
wy]

yn\RJ]_hnP¯uU]
(Wη,)
g]~n{ckŁ{R¹
wyc}¤]hwp_hgj]`±zRb]


£©nyf)wp

wyc}
η
$_aNPR1wy]a]hn\~2gwp_hRJ}¥RbcPR2fay[s£©dc~	_agn{cwpj]wyfhR(RbikdPg~n{c{_agc\dPn{d]5nyc
W 1,p(Ω)
¯mMﬀN\d] 	9R2Q(Q§w':]hNPn µq]-_hNzw _
Iη, Γ(W
1,p) Ç
~n{ckŁ{R2fayRJ]_hn
Iη,hom
¯
	9R2Q(Q§w¨]hNPn µq]U_hNwp_!£©nyf5R2Ł{R2fa[sQgcPgQ(gªbR2f
uη,hom
_hNR2faRR2¹^g]|_a]5w¨]|RJikdPR2c~2R)ny£-Q(gcPgQ(gª2Rbfa]
uη,
]hd~N_hNwp_
uη, → uη,hom
gc
W 1,p(Ω)
¯-r¿csw{}P}^g_hgnyc´Pg£
W
g]U]`_afhgj~	_a[~nyc\Ł{R¹@\_hNPRbc
Wη,
g]
wy]hn(]`_afhgj~	_a[~nyc\Ł{R¹1wpcz}_aNPR2faR!R¹^gj]`_]+w)dcPgikdPR]hRbikdPRbc~R5ny£Q(gcgQ(gª2R2f]
uη,
¯muW]
M(Iη,hom)
g]
cnyc¦R2Q(x^_`[y
(uη,)
]|_hfanycP{[s~n{c\ŁyR2fayRJ]q_ans]|n{QR
uη,hom ∈ M(Iη,hom)
¬©µ+g_hNPn{d^_R¹\_hfwy~_hgnycz®Ugc
W 1,p(Ω)
wy]
 → 0
Pwpcz}_aNPR!Q(gcPgQ(gªbR2f
uη,hom
gj]+wpj]|n(dPcPgjikdPRy¯
ró£´w!]hRbikdPR2cz~Rﬀnp£@Q(gcgQ(gª2R2f]
uη,
NwpxxzRbc]_hn!RqRJi{dgPg]hnyjw _aRb}nyc
B ⊂ W 1,p(Ω)
gc(_hNPRq]hR2cz]|R
ny£ﬀWR±zcPg¸_agn{c¤´_aNPR2c¦_aNPR§xPfaR2Ł\gn{d]!wpfaydQRbck_NPn{}]wpxPx[\gcP 	´R2Q(Q§w¨¨nyc
(B, || · ||1,p)
]|gc~R
_aNPR
Γ(W 1,p) Ç
~n{ckŁ{R2fayRbc~Rn{c
W 1,p(Ω)
gQ(xPgRJ]_hNPR
Γ(W 1,p) Ç
~2nyc\ŁyRbfh{R2c~2Rnyc
(B, || · ||1,p)
¯K=4R
_aN\d]ﬀny^_wpgc_hNPR]|_hfanycP(~n{c\ŁyR2fayRbc~RWnp£_hNPR]hRbikdPRbc~R{¯
ËËÙjéçk>l
>:  
 #

4D  D 
η → 0
¼Pn{fURbŁyR2fa[
ξ ∈ Rn
CR2_dz]q±f]|_}^R2_hR2faQ(gcR_hNR)xnygck_`µ+g]hRgQ(g_n{c
Ω
wy]
η
yn\Rb]
_an
0
ny£
Wη,hom(x, ξ) = inf
{
< Whom(·,∇v(·)) >B(x,η) | v ∈ W
1,p(B(x, η)), < ∇v >B(x,η)= ξ
}
= inf{
∫
B(0,1)
Whom(x + ηy,∇v(y)), v ∈ W
1,p(B(0, 1)),
< ∇v >B(0,1)= ξ} ·
1
Ln(B(0, 1))
¬Lp{®
Mn(_hNg]UR2c}@zR2_W}^RbcPnp_aR\[
W˜ ηx (y, ξ) = Whom(x + ηy, ξ)
£©nyfWwpQnk]`_qRbŁyRbfh[
x ∈ Ω

y ∈ B(0, 1)
wyc}
ξ ∈ Rn
¯	´RbQ(Q(w§)gQxgRb]ﬀ_aNw _+_aNPR!R2cR2fay[}^Rbc]|g_hgRb]
W˜ ηx (·, ·)
wpc}
Whom(x, ·)
]aw _ag]|£©[



wyc}


¯Hr¿cw{}P}^g_hgnyc´$£©nyfwp
ξ ∈ Rn
RbŁyR2fa[ 	´R2Rb]hydRxzn{gck_
x ∈ Ω
¬»wpcz}²~n{c]|RJikdPR2ck_h[
wyQ(nk]`_+R2Ł{R2fa[\µ+NPR2faRUn{c
Ω
®-ny£
Whom(·, ξ) ∈ L1(Ω, R)
wyc}wpQnk]`_+RbŁyR2fa[
y ∈ B(0, 1)

lim
η→0
Whom(x + ηy, ξ) = Whom(x, ξ).
=¦RcPn µ¢wpxxP[ 	´RbQQ§w41_anHnyP_awpgc¦_hNPR
Γ(Lp) Ç
~2nyc\ŁyRbfh{R2c~2R)ny£ﬀ_hNPR1w{]h]hn^~gjw _aRb}4gck_hRbyfwp£©dc~
Ç
_agn{cwpj]b¯¥lmfanyxR2fh_`[


_hNPRbcgQxgRb])_hNR%~n{c\ŁyR2fayRbc~R§ny£+_hNPRgc^±Q§w¬Lp{®\[4_aNPR¨wpxPxPgj~2w _agn{c
ny£ 	9R2Q(Q§w­{¯.¼Pnyf(RbŁyR2fa[
ξ ∈ Rn
¶_aNPgj]§xPfan ŁyRb]_hNR¨£©nyn µ+gcP¦xzn{gck_`µ+gj]|Rs~n{c\ŁyR2fayRbc~RwpQ(n{]|_
RbŁyRbfh[\µ+NPRbfhRWnyc
Ω
lim
η→0
Wη,hom(x, ξ) = Whom(x, ξ).
¬Dkp®
	9R2Q(Q§w(wyc}_aNPR]awpQ(R!wpfaydPQ(R2ck_]-w{]£©nyf
Wη,
]|NPn µ _hNwp_
Wη,hom
wpcz}
Whom
wy]hn]aw _ag]|£©[



wpc}
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xgRb]¶_hNPR
Γ(Lp) Ç
~2nyc\ŁyRbfh{R2c~2Rny£
Iη,hom
_hn
Ihom
nyc
W 1,p(Ω)
wy]
η
{n\Rb]+_an
0
¯Wt-n{c]|RJikdPR2ck_h[yzQ(gcPgQ(gªbR2f]
uη,hom
~n{ckŁ{R2fayRﬀµRbwp·\[gc
W 1,p(Ω)
_hn]hnyQ(R+Q(gcgQ(gª2R2f
uhom
{dPx(_anR¹\_afaw{~	_hgnyc9y\[ 	9R2Q(Q§w(y¯
TW]|gcP 	´RbQ(Q(wp_aw :¤wpcz}º¤w{]£©nyf§_aNPRsgQ(g¸_
 → 0
µ-Rsn{^_awygc­_hNPR¨_aNPfaR2Rsjwy]|_1]`_w _hRbQ(R2ck_a](ny£
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x ∈ Rn
wpc}1£©nyfqwy
ξ ∈ Rn×d
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Wη,hom(x, ξ) = inf
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< Whom(y, ξ +∇v) >C(x,η) | v ∈ W
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# (C(x, η), R
d)
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Iη,hom(u) =
∫
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x ∈ Rn
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ξ1, ξ2 ∈ Rn×d
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W(y,∇uξ1 + ξ2) ≤ 0,
|Wη,(x, ξ1)−
1
ηn
∫
C(x,η)
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uHη, ∈ VH
ny£UQ(gcPgQ(gªbR2f]ny£
inf{IHη,(v), v ∈ W
1,p(Ω, Rd) + BC}
¯ﬂMﬀNPgj]1]hRbikdPR2cz~RHgj]1nydc}^Rb} gc
W 1,p(Ω, Rd)
d]hgcP_hNPR
{fhn µﬀ_aN!~nycz}^g¸_agn{c1¬`y®9wpc}5_aN\d]~2nyQ(xw{~	_9gc
W 1,p(Ω)
]hgc~2R
VH
g]9±cPg_hRﬀ}^gQRbc]hgn{cwpL¯9MﬀNPRbfhR2£©nyfaR
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uHhom ∈ VH
]hd~N%_hNwp_
lim
η→0
lim
→0
uHη, = u
H
hom
gc
W 1,p(Ω)
¯ =¦R5_hNPRbc¨NwŁyR
|IHη,(u
H
η,)− I
H
hom(u
H
hom)| ≤ |I
H
η,(u
H
η,)− I
H
η,(u
H
hom)|+ |I
H
η,(u
H
hom)− I
H
hom(u
H
hom)|.
MﬀNRW]hRb~n{c}_hRbfhQ np£@_aNPRUfagyNk_
Ç
Nwpcz}]hgj}^RU{nkRJ]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_hNPRRbikdPg@n^~2wy 	9gxC~NPg_hª
xfhn{xzRbf|_`[§ny£
IHη,

|IHη,(u
H
η,)− I
H
η,(u
H
hom)| ≤ C(1 + ||∇u
H
η,||
p−1
p + ||∇u
H
hom||
p−1
p )||∇u
H
η, −∇u
H
hom||p,
µ+Ng~N¦wpj]|nŁ wycPg]hNPRJ]]hgc~R
uHη,
~n{ckŁ{R2fayRJ]+_hn
uHhom
gc
W 1,p(Ω, Rd)
¯!ró_faR2Q§wygc]U_hnxPfan ŁyR!_aNw _
uHhom
g]-w!Q(gcPgQ(gªbR2f-np£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
¯¼Pn{f¶wp
v ∈ W 1,p(Ω, Rd)
{£©nyf¶wy
η
wyc}


IHη,(u
H
η,) ≤ I
H
η,(v)
¯)u__hNPR(gQ(g_b´µRn{^_awygc
IHhom(u
H
hom) ≤ I
H
hom(v)
9µ+NPg~N4xPfan ŁyRb]
_aNPR]|_aw _aR2Q(R2ck_q]hgc~2R
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u_(±P¹^Rb}
H
-µ-RNwŁyRxPfan ŁyRJ}¤_hNPR
Γ(W 1,p) Ç
~2nyc\ŁyRbfh{R2c~2Rnp£
IHη,
_hn
IHhom
nyc
W 1,p(Ω, Rd)
µ+NR2c

wpc}
η
ynH_anÈP¶wyc}È_aNPR¨R¹^g]|_hRbc~Rswyc}È_aNPRs]`_afhn{cP4~2nyc\ŁyRbfh{R2c~2Rnp£Wwyc\[²]|RJi{dR2c~2R%ny£
Q(gcPgQgª2Rbfa]
uHη, ∈ VH
ny£
inf{IHη,(v), v ∈ W
1,p(Ω, Rd) + BC}
_hn1]hnyQ(RQ(gcPgQgª2Rbf
uHhom ∈ VH
ny£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
PdPx_hn(R2¹k_afaw{~	_agn{c´¯
MﬀNPRgQ(g_
H → 0
~bwpc²Rs}^Rbwy¸_(µ+g_hN­w{]£©n{n µq]b¯ÈY^gc~2R_hNPR¨]|RJikdPR2c~2R
uHhom
gj]zn{dPc}^RJ}
gc
W 1,p(Ω)
k[_hNPRs{fhn µﬀ_aNº~2nyc}Pg¸_agn{c°¬|J{®	ﬀµ-RH~bwpc«R¹\_afaw{~	_1wÈ]hdP]hRbikdPR2cz~R²¬©cnp_faR2jwpR2Rb}®
µRbwy·\[¦~nyc\Ł{R2faygcP_hn¥]hnyQ(R
uhom ∈ W 1,p(Ω)
¯J=¦R1cn µ xPfan ŁyR(_aNw _
uhom
gj])wHQgcPgQ(gªbR2fny£
inf{Ihom(v), v ∈ W
1,p(Ω, Rd) + BC}
wpcz}È_hNzw _
IHhom(u
H
hom) → Ihom(uhom)
¯²MﬀNPRikdwy]hg~2nyc
Ç
Ł{R¹^g_`[%ny£
Whom
wyc}²¬`y®ﬀgQ(xP[%_aNPRn µR2fU]hR2Q(g
Ç
~2nyck_hgc\dPg_`[%ny£
Ihom
£©nyfU_hNPRµ-RJwp·1_hnyxnyny{[%ny£
W 1,p(Ω)
Pµ+Ng~Ns]hNPn µq]
Ihom(uhom) ≤ lim
H→0
Ihom(u
H
hom).
SUR¹\_bw{]ws~n{c]hRbikdPR2cz~Rny£_aNPR1~2nyck_hgc\dPg¸_`[¦np£
Ihom
£©n{f!_hNR%]|_hfanycP¨_anyxnynyy[4np£
W 1,p(Ω)
$£©nyf
wy
v ∈ W 1,p(Ω) + BC
wyc}²£©n{f§wp
ρ > 0
_aNPR2faR¨R¹^g]|_a]
H > 0
wpc}
vH ∈ VH + BC
]|d~N
_aNw _
Ihom(v) ≥ Ihom(vH)− ρ ≥ Ihom(u
H
hom)− ρ ≥ lim
H→0
Ihom(u
H
hom) − ρ
ﬀµ+NPg~N.R2¹^g]|_a]%wy]w
}PRb~faRbw{]|gcP+]hRbikdPR2cz~Rmny£\xn{]hg_hgŁyRc\dPQR2f]b¯MﬀN\d]
uhom
g]wﬀQgcPgQ(gªbR2f9ny£
Ihom
nyc
W 1,p(Ω)+BC
¯
MﬀNPR-~nyc\Ł{R2fayR2cz~R$np£k_hNPRmgc^±Q§w+gj]´wy]hnﬀny^_wpgcPRb}\[U_aNPgj]´~n{c{_agc\dPg_`[Wwyfh{dPQ(R2ck_b¯MﬀNPRxzn{gck_`µ+gj]|R
~2nyc\ŁyRbfh{R2c~2R¶ny£z_aNPRq]|RJikdPR2c~2R
IHhom
wyc})g¸_]RbikdPg^n^~2wp 	´gx]h~Ng¸_aªxfhn{xzRbf|_`[wyn µ²_an!d]|R	9R2Q(Q§w :
wyc}H]hNPn µ _hNPR
Γ(W 1,p) Ç
~n{ckŁ{R2fayRbc~R!ny£
IHhom
_hn
Ihom
nyc
W 1,p(Ω)
¯TU]hgcP1_hNPR(~n{c\ŁyR2fayRbc~R5ny£
_aNPR¨gcP±Q§wP¶µR¨~2wpc_hNPRbcºwyxPxP[ 	´RbQQ§w¤¦wpc}xPfhn Ł{R_aNw _J¶µ+g_hNºny\Ł\gn{d]cnp_awp_hgnyc´¶£©nyf§wpc\[
Q(gcPgQgª2Rbf
uhom ∈ W 1,p(Ω)
_aNPR2faRUR2¹\gj]|_a]w]|RJikdPR2c~2RUny£´QgcPgQ(gªbR2f]
uHhom ∈ W
1,p(Ω)
]hd~N§_aNw _
lim
H→0
uHhom = uhom
gc
W 1,p(Ω)
¯MﬀNPRJ]|RWQ(gcPgQ(gªbR2f]mQ§w[cPnp_zRbn{cP!_hnwpc\[
VH
¯VsnyfaR2n Ł{R2fJy}^dPR
_an_aNPRxPfanpo`RJ~	_agn{c
PH
gcs_hNPR)R2cPRbfh{[yz_hNPR)Q(gcPgQ(gªbR2f]Uny£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
wyfhR¶cPR2Ł{R2f9gj]hnyjw _hRJ}@J_hNPRbfhR2£©nyfaR_hNR-wpfaydQRbck_9d]hRb}5_anUxPfan ŁyR_aNPR]|_hfanycq~nyc\Ł{R2fayR2cz~RgcMﬀNPR2n{fhRbQ
/
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Mn_aNPg]5wygQ¨CR2_~2nyc]hg}PR2fWw%]|RJikdPR2c~2Rny£mQgcPgQ(gªbR2f]
uHhom ∈ VH
µ+NPgj~NHgj]URJikdPggj]hnyjw _hRJ}sgc
_aNPR)£©nyn µ+gcP1R2¹\_hR2cz}^Rb}H]hR2cz]|R{¯ =¦R(]|dPxxznk]|R)_hNwp_W_aNPR2faRR2¹^g]|_a]5wzwp
B ⊂ W 1,p(Ω)
]hd~NH_aNw _
uHhom
gj]_hNPR!dcPgikdPR5Q(gcPgQ(gª2Rbf+np£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
n{c
B ∩ VH
¯ 	´R_
uhom
R)wµ-RJwp·gQ(g¸_np£_hNg]]|RJikdPR2c~2Ry¯ﬂ<RJ~2wpdz]|R!ny£_hNPR)µ-RJwp·\[n µ-RbfU]|RbQ(g~2nyck_hgc\dPg¸_`[np£_aNPR)cnyfaQ
uhom ∈ B
¯Èr¿c«wy}P}^g_hgnyc9_hNPRbfhR%R¹^gj]`_]wycPnp_aNPR2f(]hRbikdPR2cz~R
vHhom ∈ W
1,p(Ω)
np£UQ(gcPgQgª2Rbfa]ny£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
]|dz~N¤_hNwp_
vHhom → uhom
gc
W 1,p(Ω)
¯V<-RJ~2wyd]|R§ny£+_hNPgj]
]|_hfanyc%~n{c\ŁyR2fayRbc~R{Cg¸_!gj]5cPnp_!faRb]|_hfag~_hgŁyR_ans]|dPxxznk]|R
vHhom ∈ B
9wyc}
PH(v
H
hom) ∈ B
wy]µ-RbL¯
Y^gc~2R
PH (v
H
hom) ∈ B
gj]$wUQ(gcPgQ(gªbR2f$np£
inf{IHhom(v), v ∈ W
1,p(Ω, Rd) + BC}
wyc}5_hNR]hRbikdPRbc~R
uHhom
gj]ﬀRbikdPg9g]hnyjw _aRb}gc_hNPR]hR2cz]|R!wpn ŁyR{
uHhom = PH (v
H
hom)
¯
<[¦_hNPR%_hfagjwpcP{RgcPRJi{dzwpg¸_`[¤µR_hNR2cNzwŁyR
||uHhom − uhom||1,p ≤ ||PH (v
H
hom − uhom)||1,p +
||PH(uhom) − uhom||1,p.
MﬀNPR±zfa]|_W_aR2faQ np£m_aNPR(fhgyNk_Nwpc}
Ç
]hg}PRyn\RJ]q_an%zRJ~2wyd]|Rnp£¶_hNPRRbikdPg
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wyc}4_hNPR]|_hfanycP¨~n{c\ŁyR2fayRbc~R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vHhom
_an
uhom
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VH
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x ∈ Ω
aﬂL
ξ1, ξ2 ∈ Rn 
\ﬁ\ "#	.`Z

]
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P
|W(x, ξ1)−W(x, ξ2)| ≤ C|ξ1 − ξ2|(1 + |ξ1|
p−1 + |ξ2|
p−1).
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inf
{∫
Ω
W(x,∇v) | v ∈ K
}
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∫
Ω
(W(∇u)−W(∇v))
∣∣∣∣ ≥ c||∇u−∇v||pLp(Ω) ¬ // ®
eL
v ∈ K
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β ≤ p
Q
MﬀNPR!xfhn\np£$np£	´R2Q(Q§w¨
/
gj]q~jwy]a]|gj~2wy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u =
uqfayQ(gc
{∫
Ω
(W(x,∇u)− fu) |u ∈ W
1,p(Ω) + BC
}
¬
/
k®
uhom =
uqfayQ(gc
{∫
Ω
(Whom(x,∇u)− fu) |u ∈ W
1,p(Ω) + BC
}
¬
/
y®
vη, =
uqfayQ(gc
{∫
Ω
(Wη,(x,∇u)− fu) |u ∈ W
1,p(Ω) + BC
}
¬
/
{®
uH,i =
uqfayQ(gc
{∫
QH,i
W(x,∇u) | < ∇u >QH,i=< ∇u >QH,i
}
¬
/
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vH,iη, =
uqfayQ(gc
{∫
QH,i
W(x,∇u) | < ∇u >QH,i=< ∇vη, >QH,i
}
¬
/
:{®
uH,ihom =
uqfayQ(gc
{∫
QH,i
W(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
}
¬
/
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Ω
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∫
Ω
∣∣∣∣∣∇u −
IH∑
i=1
∇vH,iη, 1QH,i
∣∣∣∣∣
p
=
IH∑
i
∫
QH,i
∣∣∇u −∇vH,iη, ∣∣p
≤ p
IH∑
i=1
(∫
QH,i
∣∣∇u −∇uH,i ∣∣p +
∫
QH,i
∣∣∇uH,i −∇vH,iη, ∣∣p
)
= p
IH∑
i=1
(A,Hi + B
,H,η
i )
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(H, η, ) → 0
gc(_hNPRU_`µ-n]hdPQ§]
IH∑
i=1
A,Hi
wpc}
IH∑
i=1
B,H,ηi
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lim
H→0
lim sup
→0
IH∑
i=1
A,Hi = 0,
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lim
η→0
lim sup
→0
IH∑
i=1
B,H,ηi = 0,
dPcPg£©nyfaQ([1gc
H.
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K =
{
u ∈ W 1,p(QH,i) | < ∇u >QH,i=< ∇u >QH,i
}
,
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A,Hi ≤
1
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∫
QH,i
W(x,∇u)−W(x,∇u
H,i
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lim
→0
∫
QH,i
W(x,∇u) =
∫
QH,i
Whom(x,∇uhom).
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x[
lim
→0
∫
Ω−QH,i
W(x,∇u) ≤
∫
Ω−QH,i
Whom(x,∇uhom),
lim
→0
∫
QH,i
W(x,∇u) <
∫
QH,i
Whom(x,∇uhom)
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lim
→0
∫
Ω
W(x,∇u) =
∫
Ω
Whom(x,∇uhom),
µ+NPg~N¨]hNPn µq]5¬©y\®	¯
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lim
→0
∫
QH,i
W(x,∇u
H,i
 ) = inf
{∫
QH,i
Whom(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
}
.
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< ∇u >QH,i=< ∇uhom >QH,i +χH,i(),
µ+NPRbfhR
χH,i
g]wÈ£©dPcz~	_hgnyc _hNwp_¨]aw _ag]|±Rb]
lim
→0
|χH,i()| = 0
]|gc~2R
∇u
µRbwy·k[~n{c\ŁyR2fayRJ]m_an
∇uhom
gc
Lp(Ω)
¯
Í©Õ$Ë´Íëð
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{
r¿c¨Ł\gRbµ ny£ﬀ¬
/
p®^µ-R5NwŁ{R
∫
QH,i
W(x,∇u
H,i
hom + χH,i()) ≥
∫
QH,i
W(x,∇u
H,i
 )
¬»{{®
]hgc~R
< ∇uhom + χH,i() >QH,i=< ∇u >QH,i
¯
SUR¹\_qµ-R!]hNPn µ 
∣∣∣∣∣
∫
QH,i
W(x,∇u
H,i
hom + χH,i())−W(x,∇u
H,i
hom)
∣∣∣∣∣
≤ C|QH,i||χH,i()|(1 + | < ∇uhom >QH,i |
p−1 + |χH,i()|
p−1).
¬»\p®
Mn(_hNPgj]ﬀR2cz}@PR_qd]q]|_awyf|_ﬀ£©fanyQ/¬
/
{® 
|W(x,∇u
H,i
hom + χH,i())−W(x,∇u
H,i
hom)|
≤ C|χH,i()|(1 + |∇u
H,i
hom + χH,i()|
p−1 + |∇uH,ihom|
p−1)
≤ C|χH,i()|(1 + |χH,i()|
p−1 + |∇uH,ihom|
p−1),
µ+NR2faR
C
}^R2cnp_hRJ]UŁ wyfhgnyd]~n{c]`_wpck_a]W}^R2xR2cz}^gc%n{cP[¨n{c
c
wyc}
C
gc


¯5r¿ck_hR2{fawp_hgcPn{c
QH,i
[\gR2j}P] ∫
QH,i
|W(x,∇u
H,i
hom + χH,i())−W(x,∇u
H,i
hom)|
≤
∫
QH,i
C|χH,i()|(1 + |χH,i()|
p−1 + |∇uH,ihom|
p−1)
≤ C|χH,i()|
(
|QH,i|(1 + |χH,i()|
p−1) +
∫
QH,i
|∇uH,ihom|
p−1
)
.
¬»i:{®
Y^d~2~2Rb]a]|gŁyRb[«d]hgcº¾ yj}^R2fgcRbikdwpg_`[yW_hNPR¦Q(gcPn{fawp_hgnyc gc


W_hNR¤}PR±cPg_hgnyc¢¬
/
{®1wpc} _hNPR
Q§wpo`nyfw _hgnyc%gc


PµRNzwŁyR
∫
QH,i
|∇uH,ihom|
p−1 ≤
(∫
QH,i
|∇uH,ihom|
p
)p−1
p
(∫
QH,i
1
) 1
p
= |QH,i|
1
p
(∫
QH,i
|∇uH,ihom|
p
)p−1
p
≤ C|QH,i|
1
p
(∫
QH,i
W(x,∇u
H,i
hom(x))
) p−1
p
≤ C|QH,i|
1
p
(∫
QH,i
W(x, < ∇u
H,i
hom >QH,i)
) p−1
p
≤ C|QH,i|
1
p
(
|QH,i|(1 + | < ∇u
H,i
hom >QH,i |
p)
) p−1
p
≤ C|QH,i|
(
1 + | < ∇uH,ihom >QH,i |
p−1
)
.
¬»{{®
ËËÙjéçk>l
y  
 #

r¿cz]|Rbf|_agcPs¬»{{®-gck_hns¬©):{®]|Nn µq]!¬©\y®	¯
MﬀNPRbc¨µ-R5faR2Q§wpfa·Ckgc¨Ł\gRbµ ny£¬
/
{®\_hNwp_
∫
QH,i
W(x,∇u
H,i
hom) ≤
∫
QH,i
W(x,∇u
H,i
 − χH,i()))
¬Dy{®
]hgc~R
< ∇u − χH,i() >QH,i=< ∇uhom >QH,i
¯
uUfh{dPgc(w{]+wpn ŁyRW£©nyf¬»\p®^µ-R!n{^_awygc 
∣∣∣∣∣
∫
QH,i
W(x,∇u
H,i
 − χH,i())−W(x,∇u
H,i
 )
∣∣∣∣∣
≤ C|QH,i||χH,i()|(1 + | < ∇u >QH,i |
p−1 + |χH,i()|p−1).
¬L^J®
MﬀNPR~2nyQ)Pgczw _hgnycnp£_hNPR5£©n{dPf+gcPRbikdwyg_hgRb]!¬»{{®9¬©^p®´¬Dpk®wpc}¤¬DPJ®-[\gRb}]
∣∣∣∣∣
∫
QH,i
W(x,∇u
H,i
hom)−W(x,∇u
H,i
 )
∣∣∣∣∣
≤ C|QH,i||χH,i()|(1 + | < ∇uhom >QH,i |
p−1
+| < ∇u >QH,i |
p−1 + |χH,i()|
p−1).
¬Lyy®
	9R_|_agc

yn_hn(ªbR2fangcÈ¬D{y®-xPfan ŁyRb]gcPRbikdwyg_`[¥¬»ky®]hgcz~R 	´RbQQ§wp_aw!wpc}s)gQ(xP[_aNw _
lim
→0
(
inf
{∫
QH,i
W(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
})
= inf
{∫
QH,i
Whom(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
}
.
MﬀNPR~2nyQ)Pgczw _hgnycnp£ﬀ¬©
/
®	´¬»y\®ﬀwpc}¦¬©\y®¶_hNPRbcs]|NPn µq]
0 ≤ lim sup
→0
A,Hi ≤ C
∣∣∣∣∣
∫
QH,i
Whom(x,∇uhom)−Whom(x,∇u
H,i
hom)
∣∣∣∣∣ . ¬L / ®
=¦R5_hN\d]+n{^_awygc
lim sup
→0
IH∑
i=1
A,Hi ≤ C
IH∑
i=1
∣∣∣∣∣
∫
QH,i
Whom(x,∇uhom)
− inf
{∫
QH,i
Whom(x,∇u) | < ∇u >QH,i=< ∇uhom >QH,i
}∣∣∣∣∣.
¬L k®
ró_qfaR2Q§wygc]-_an§xPfhn Ł{RU_aNw _ﬀ_aNPR!fhgyNk_+Nwyc}¨]|gj}^R5np£+¬Dpk®¶_hRbc}P]ﬀ_an
0
µ+NPRbc
H
{nkRJ]-_hn
0
¯
	9R_
W¯ H
R5_hNPR!RbcPR2fay[}PR2c]hg¸_`[%}^R±cRb}\[
W¯ H(x, ξ) =
IH∑
i
inf
{
1
|QH,i|
∫
QH,i
Whom(x,∇u) | < ∇u >= ξ
}
1QH,i(x).
Í©Õ$Ë´Íëð
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k
uUfh{dPgcPw{]5gc4_hNRxfhn\np£np£5¬D{y®	@£©n{fwpQ(n{]|_5wy
x ∈ Ω
wyc}H£©n{fwp
ξ ∈ Rn
9g¸_~2wyc4R]hNPn µ+c
_aNw _
lim
H→0
W¯ H(x, ξ) = Whom(x, ξ)
¯Y\gc~R!RbŁyRbfh[1wyfh{dPQ(R2ck_+np£$_hNPR)wp]hnyd^_hR5Ł wpdPRJ]+gc_aNPRfag{N{_
Nzwpc}]|gj}^R!ny£¬Dpk®-gj]+xznk]|g_hgŁyR{^gcRbikdwpg_`[¥¬Dpk®~2wycR!faR2µ+fag¸_h_hR2c¨wy]
lim sup
→0
IH∑
i=1
A,Hi ≤ C
∣∣∣∣
∫
Ω
W¯ H(x, MH(∇uhom))− W¯
H(x,∇uhom)
∣∣∣∣
+C
∣∣∣∣
∫
Ω
W¯ H(x,∇uhom)−Whom(x,∇uhom)
∣∣∣∣.
¬Lyy®
	9R_-}PR2cPny_hRq\[
RhsH1
wpcz}
RhsH2
faRb]hxzRJ~	_agŁ{R2[_hNR+±f]`_-wyc}§]hRb~n{c}_hRbfhQ§]ny£C_hNPRWfhgyNk_hNzwpc}(]hg}^R
ny£¬Lyy®¯%Y\gc~R
Whom
]aw _ag]|±RJ]5xPfhn{xzRbf|_agRJ]§¬D{®5wpc}


9µR§~2wpcÈwyfh{dPRw{]5gc¦_aNPR§xPfankny£ny£¬»\p®
wyc}%ny^_wpgc 
|W¯ H(x, ξ1)− W¯
H(x, ξ2)| ≤ C|ξ1 − ξ2|(1 + |ξ1|
p−1 + |ξ2|
p−1),
µ+Ng~Ng]qgc}PR2xR2c}^Rbck_qnp£
H
¯MﬀNkdz]2Pdz]|gcP§¾  {}^Rbf+gcRbikdwpg_`[y
RhsH1
gj]+}^nyQ(gcw _aRb}\[
C||MH(∇uhom)−∇uhom||Lp(Ω)(1 + ||MH(∇uhom)||
p−1
Lp(Ω) + ||∇uhom||
p−1
Lp(Ω))
µ+Ng~N¨~n{ckŁ{R2fayRJ]m_an
0
w{]
H
{nkRJ]_hn
0
]|gc~2R
lim
H→0
MH(∇uhom) = ∇uhom
gc
Lp(Ω)
¯
SUR¹\_b^_aNPR}^n{Qgcwp_hRb}~n{c\ŁyR2fayRbc~RU_hNPRbnyfaR2Q"gQ(xPgRJ]ﬀ_hNwp_
RhsH2
wpj]hn_aR2c}P]+_hn
0
wy]
H
yn\Rb]
_an
0
¶]hgc~2R1_aNPR¨gck_aR2yfwpcz}Èxzn{gck_`µ+gj]|R~n{ckŁ{R2fayRJ]!_hn
0
wyc}²gj](}^nyQ(gcw _aRb}gc}PR2xR2c}^Rbck_h[²np£
H
dz]|gcP


¯
MﬀNPgj]ﬀ±czwp[1]hNPn µq]!¬»J®¯
4D

D

Å
IH∑
i=1
B,H,ηi
v+R2Q§wyfh·¦±f]`_)_hNwp_
< ∇u >QH,i=< ∇uhom >QH,i +χH,i()
wpc}
<
∇vη, >QH,i =< ∇uhom >QH,i +φH,i(, η)
µ+NPRbfhR
χH,i
wyc}
φH,i
wpfaR£©dPc~	_agn{c]1]aw _ag]|£©[\gc
lim
→0
χH,i() = 0
wpc}
lim
η→0
lim
→0
φH,i(, η) = 0
¯-t-nyc]hRbikdPRbc{_a[{PwpfaydPgcP(wy]£©n{f¬©\y®	^µR!ny^_wpgc 
B,H,ηi ≤ C|QH,i|(|χH,i()|+ |φH,i(, η)|) · (1 + | < ∇vη, >QH,i |
p−1
+| < ∇u >QH,i |
p−1 + |χH,i()|
p−1 + |φH,i(, η)|
p−1).
¬Lp{®
	9R_h_hgcP

yn)_hn
0
gc¤¬Lpk®¶[\gR2j}P]
lim sup
→0
B,H,ηi ≤ C|QH,i|| < ∇vη,hom >QH,i − < ∇uhom >QH,i |
·(1 + | < ∇vη,hom >QH,i |
p−1 + | < ∇uhom >QH,i |
p−1).
¬L{p®
MﬀNR5]hdPQ(Q§w _agn{cny£¬L{p®¶£©n{f
i
£©fanyQ _hn
IH
R¹Pwy~_h[faRbwy}]
lim sup
→0
IH∑
i=1
B,H,ηi ≤ C
∫
Ω
|MH(∇vη,hom −∇uhom)|
·(1 + |MH(∇vη,hom)|
p−1 + |MH(∇uhom)|
p−1).
¬L:{®
ËËÙjéçk>l
:  
 #

TW]|gcP§¾  {}PR2f+gcPRbikdwyg_`[y^µR5ny^_wpgc
lim sup
→0
IH∑
i=1
B,H,ηi ≤ C||MH(∇vη,hom −∇uhom)||Lp(Ω)
·
(∫
Ω
1 + |MH(∇vη,hom)|
p + |MH(∇uhom)|
p
) p−1
p
.
¬Lp{®
	9R_md]¶cPn µºxPfhn Ł{R_hNwp__hNPRqfagyNk_mNwpcz}§]|gj}^R+np£¬Dy{®~2nyc\ŁyRbfh{Rb]9_hn
0
dcPg¸£©n{fhQ([gc
H
µ+NR2c
η
yn\Rb]
_an
0
¯mTU]hgcP§¾  yj}^Rbf+gcPRJikdwpg¸_`[{\£©nyf+RbŁyR2fa[
w ∈ Lp(Ω)
wpcz}1RbŁyR2fa[
H > 0
^µ-R5NwŁ{R
∫
Ω
|MH(w)|
p =
∑
i
Ln(QH,i)
∣∣∣∣∣ 1Ln(QH,i)
∫
QH,i
w
∣∣∣∣∣
p
≤
∑
i
Ln(QH,i)

 1
Ln(QH,i)
(∫
QH,i
|w|p
)1/p(∫
QH,i
1
)(p−1)/p
p
=
∑
i
∫
QH,i
|w|p
= ||w||pLp(Ω).
MﬀNg]!~bwpj~dPjw _agn{c4]hNPn µq]W_hNwp_
(MH)
gj]!wpc¦RbikdPgj~n{ck_hgckdnyd]W£»wpQ(g[¥np£-n{xzRbfawp_hn{fa]Wnyc
Lp(Ω)
¯<[
_aNPR(wpxPxPgj~2w _agn{c¥ny£-MﬀNPR2n{fhRbQ y
vη,hom
~nyc\Ł{R2fayRb]U]`_afhn{cPy[_hn
uhom
gc
W 1,p(Ω)
¯MﬀNPg]5]|_hfanycP
~2nyc\ŁyRbfh{R2c~2RWwyc}_aNPR!RbikdPgj~n{ck_hgckdg¸_`[ny£
MH
]|NPn µ _hNwp_+_hNPRbfhR!R2¹\gj]|_a]
D > 0
]hd~N1_aNw _
(∫
Ω
1 + |MH(∇vη,hom)|
p + |MH(∇uhom)|
p
) p−1
p
≤ D
£©n{f+R2Ł{R2fa[
η
wpcz}
H
zwpc}1_hNwp_
lim
η→0
||MH(∇vη,hom −∇uhom)||Lp(Ω) = 0
dcPg¸£©n{fhQ([gc
H
^µ+NPg~N¨xPfan ŁyRJ]5¬©k{®	¯
MﬀNPR~2nyQ)Pgczw _hgnycnp£ﬀ¬©k{®	´¬»®ﬀwpc}¦¬©\y®~n{c~d}^RJ]_hNPR!xPfan\np£$np£MﬀNPR2n{fhRbQ ^¯
  
+25
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MﬀNRwpcwy[k_hgj~2wy9}^RbŁyR2nyxQRbck_a]+ny£_aNPRxPfaR2Ł\gnyd]q]hRb~_hgnyc]qQ(w[]|RbfhŁ{R!wy]qw_aNPR2n{fhR2_hgj~2wp´£©fawyQRbµ-n{fh·
£©n{fnp_hN«_aNPRHNPR2_hRbfhn{yR2cR2nydz])Q)dP_hgj]h~bwpRHQ(R_hNn\}¬D¾UVHV4®§wpc}º_aNPRHQ)dP¸_ag]a~2wyR¨±zcPg¸_aRHR2R2Q(Rbc{_
Q(R2_hNPn^} ¬DVH]a¼½-V¥®	mµ+NR2c­wyxPxPgRJ}È_an¥_aNPR¨NPnyQ(ny{R2cPgªbwp_hgnyc²ny£UR2gx^_ag~%nyxR2fw _anyf]2¯¤r¿c}PR2Rb}´-wy]
µ+gmzR%]|NPn µ+c¦gcÈY^Rb~	_agn{c]
/
¯§wpcz}
/
¯ %faRb]hxzRJ~	_agŁ{R2[y´_aNPR¾UV¥V wpc}4_hNRVH]h¼$½¶V £©n{f!R2gx^_ag~
Í©Õ$Ë´Íëð
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y
RJikdw _agn{c]!~2wyc¦np_aN¤wy]hg~bwp[¥zR§faR
Ç
µ+fhg_|_aR2cÈwy]!wyxPxPfan¹^gQ§w _agn{c]\[4w¨ikdwy}^fw _adPfaRfadPR§np£_hNPR
RbcPR2fay[(£©dc~	_agn{cwp
Iη,(u) =
∫
Ω
inf
{
< W(·,∇v(·)) >B(x,η) |
v ∈ W 1,p(B(x, η)), < ∇v >B(x,η)= ∇u(x)
}
dx
gck_hfan^}^d~RJ} gc WR±cg¸_agn{c
/
¯ MﬀNPgj]%R2¹^xPwygcz]%µ+N\[«_aNPR¥_`µnºQR2_hNPn^}P]{gŁ{R4]hgQ(gwyffaRb]hdP_a]¨wy]
gd]|_hfw _aRb}%nyc¨]|n{Q(RR2¹PwpQ(xPRb]ﬀgcV6J;8L¯
u _aNPgfa}«R2¹\gj]|_hgcPÈQ(R_hNn\}Pnynyy[º~2wycºRHfaR2jw _aRb}­_hn¤_aNPRs_hNR2nyfaR_ag~bwp+£©fwpQ(Rbµ-n{fh·²}^RbŁyRbn{xzRJ}
gc Y^Rb~	_agn{c]4¦wyc} ^WPd^_¨g¸_¨µ+g5cPny_R¦}PR_awygRb} wy]%Qd~N wy]1_hNPR¤wpn ŁyRH_`µ-n­NPR2faRy¯¢ró_¨g]
~2nyQ(Q(nycP[sd]hRb}¥gc¦Q(Rb~NwycPg~b]2@µ+NR2c¤}^RbwygcPµ+g¸_aN4gcRbwpf!~2nyQ(xznk]|g_hRQ§w _aR2fagwy]b¯MﬀNPRQ(R_hNn\}
~2nyc]hgj]`_]!gcÈgck_hfan^}^d~gcPHwH]hQ§wp¶Ł{nydPQ(RH¬©cwyQRb[¤ws~dzR®	m~2wyRb}4_aNPR1faR2xPfaRb]hR2ck_w _hgŁyR(Ł{nydPQ(R
RbRbQ(R2ck_-¬»v U½-®Jwyc}5µ+NPgj~N!fhRbxPfaRb]hR2ck_a]_aNPR¶Q§w _aR2fagwyyw _9_hNPRmQ§w{~fan{]a~nyxg~]a~2wpRy¯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Ç
xR2fagn^}^gj~(NPnyQ(n{yR2cgªJw _hgnyc4d]hgcP
_aNPR£©fwpQ(Rbµ-n{fh·%np£¶Y\Rb~_hgnyc²{¯
/
¯q¼PfanyQ w(_aNPR2n{fhR2_hgj~2wpxzn{gck_np£Ł\gRbµ!MﬀNPRbnyfaR2Q1gj]qµRbwy·yR2fq_hNwyc
MﬀNR2nyfaR2Q/]|gc~Rµ-R!NwŁ{R5nycP[1xPfan ŁyRJ}_aNPRµRbwy·1~n{ckŁ{R2fayRbc~Rnp£Q(gcPgQ(gªbR2f] 
uh,η ⇀ uhom
gc
W 1,p(Ω)
¯(¾qn µR2Ł{R2fJz_aNPR2faRR¹^g]|_!R¹PwpQ(xPRb]U£©nyf!µ+Ng~N¥_hNPgj]!~n{ckŁ{R2fayRbc~R~bwpcPcnp_!zR§]|_hfanycPwpc}
_aNw _wpfaRgcP·yRJ}_hn5_hNRqxznk]h]hgPR+n{]a]ny£@]|_hfagj~	_mfwpcP·
Ç
nycPR+~n{c\ŁyR¹^g_`[\[NPn{Q(nyyRbcPgªbw _agn{c¬D]|RbRf6
/
8©®	¯
	    7   
	9R_
{QH,i}i
zR§w_hfagwycPydPjw _agn{cHnp£
Ω
np£-]hgª2R
H
¯u_5Rbwy~N¥QRJ]|N4R2R2Q(R2ck_
QH,i
µ-R(wy]a]hn\~2gwp_hRw
xnygck_
xi ∈ QH,i
¯  gŁ{R2c
u ∈ W 1,p(Ω)
µ-R!~2wycwyxPxPfan¹^gQ§w _aRU_aNPR!gc{_aR2{fawy
Iη,(u)
\[
∑
i
|QH,i|Wη,(xi,∇u(xi)).
¬Dy{®
Mn1n{^_awygc¥_hNPR(VH]a¼½-V ]|_awpfh_hgcP1£©fhn{Q&¬Dyk®	Cµ-R)NwŁyR_hnQ(wy·yR]hxRb~g±z~_hNPRŁ wpdPRny£
η
C_hNPR
nydc}Pwpfa[1~2nyc}^g_hgnycz]ﬀgc¤¬»k®ﬀwpc}%_hNR5±cPg_hR!R2R2Q(Rbc{_q]hxwy~2R
VH
¯mMﬀNPR!]hxzRJ~g±z~g_`[1ny£9_hNRVH]h¼$½¶V
ËËÙjéçk>l
/  
 #

µ+g_hNÈfaRb]hxRb~	_!_an¨_hNPR%¾UVHVgj]5_hNRgcP·4zR2_`µ-RbR2c
η
wyc}
H

η
g]_awp·{R2c¦_hnsR
H
¯MﬀNPR§R2cR2fay[
}PR2c]hg¸_`[1d]|RJ}gc%_hNPRV¥]h¼$½¶V&gj]+}^R±zcPRb}¨w _
xi
\[
inf
{
1
|QH,i|
∫
QH,i
W(y,∇v) | v(y) = ξ · y
n{c
∂QH,i
}
¬Dkp®
wyc} }^RbcPnp_aRb}.\[
W MsFEMH, (xi, ξ)
gc._aNPRH£©n{n µ+gcP¯ Mwy·kgcP
VH
wy]1_hNPR¦]|xzwy~R¥np£
P1 Ç
±cPg_hR
RbRbQ(R2ck_a]ﬀn{c1_aNPR5_hfagwycPydwp_hgnyc
{QH,i}i
^µR5ny^_wpgc_hNPR}^gj]a~faR_hR5Ł{R2f]|gnyc%np£9_aNPRVH]a¼$½¶V 
inf
{
Nmesh∑
i=1
|QH,i|W
MsFEM
H, (xi,∇uH(xi))
−
Nmesh∑
i=1
NGP∑
j=1
qjf(xij)uH(xij), uH ∈ VH + BC

 ,
¬D:{®
µ+NR2faRq_hNR]hRb~2nyc}(_aR2faQ¢np£´_aNPRWRbcPR2fay[Nw{]¶R2Rbc1gc{_aR2{fawp_hRb}(\[w)i{dzwy}^fw _adPfhRUfhdPRWw{]h]hn^~gjw _aRb}_hn
_aNPR5_hfagjwpcP{dPwp_hgnyc´¯$lmfanyPR2Q3¬»i:{®-g]_an§zR~2nyQ(xwyfhRJ}§_hn§xfhn{PRbQ/¬»J®¯
Mn5xPfhn Ł{R¶_aNPRq~n{c\ŁyR2fayRbc~R-np£_hNPRqV¥]h¼$½¶VÈ{MﬀNPR2n{fhRbQ"ﬀg]cPny_¶]|d§~2gRbck_]hgc~R+np_aN_aNPRﬀ±cPg_hR
RbRbQ(R2ck_5]hxw{~R
VH
wpc}s_hNPRc\dPQ(R2fag~bwp$R2cPRbfh{[}^Rbc]hg¸_`[
W MsFEMH,
}^R2xR2cz}Hnyc
H
¯!¾qn µR2Ł{R2fUwyc
RJwy]h[swy}Pwyx^_awp_hgnyc¥ny£m_hNR(wyfh{dPQ(R2ck_a]Wnp£-_hNPR(xPfan\np£¶ny£-MﬀNPRbnyfaR2Q (wpn µq]U_hn¨~n{c~d}^R{¯)MﬀNPRfhRJ]`_
ny£+_hNPgj]]|RJ~	_hgnycÈgj]}^R2Ł{np_hRJ}¦_hn¥]hd~NwHxPfhn\ny£ﬀgcÈ_aNPR%{R2cPRbfawy¶ikdwy]hgj~nyc\Ł{R¹4~bwy]hRyµ+NPgj~N²Nwy]cPnp_
R2Rbcºw{}P}^faRb]a]|RJ}È\[¤_hNPRswyd^_hNPn{fa])np£U_hNPR¨Q(R_aNPn^}gc_aNPR2gf§]|RbfhgRb])np£xwpxR2f]¬ 6 8ó,6b;8ó 6{#8qRy¯ ¯Ô®	¯
<R2£©nyfaRµR!yR2_+_hn(_aNPg]bR_Wd]+Q(R2ck_hgnyc_aNw _UµR}^RbQn{c]|_hfw _hR!~2nyc\ŁyRbfh{R2c~2Ry\Pd^_W}Pn§cPnp_qxPfan Ł\g}PR
µ+g_hN¤wpc\[sRJ]`_agQ§w _aR)ny£¶_aNPR)RbfhfanyfJCR2Ł{R2c¥gc4_hNPR§]|_hfag~_h[H~nyc\Ł{R¹H~2w{]|R{¯MﬀNPgj]5Nwy]R2R2c¦xR2fh£©nyfaQRJ}
gc`6 8z\[ )¯{½£©R2c}PgRbŁ(wyc}§~n{jwpnyfw _anyf]$gcw!cnycPgcRbwpf-]|R2_|_hgcP!£©n{f_hNRW]hxzRJ~g±z~q~2w{]|R+ny£@xzRbfhgn^}^g~
NnyQ(ny{R2cPgªbwp_hgnyc1ny£Q(nycnp_hn{cPR5nyxR2fw _anyf]2¯
MﬀNPR5£©n{n µ+gcP(xPfhn\ny£$Q§wp·{Rb]ﬀd]hR!np£wpfaydQRbck_a]_hNzw _qNwŁ{RR2Rbcs}^R2Ł{R2nyxRb}gc¨ny_hNPRbfqxwpfh_a]ﬀny£
_aNPRxPfhRJ]|Rbck_Uµ-n{fh·C¯MﬀNPR2[sµ+g$nyc[¨R]h·yR2_a~NPRJ}sNPR2faRy¯5MﬀNPR)cPR2µ wyfh{dPQ(R2ck_a]WwpfaRQ§wpgcP[gcP·yRJ}
_an(_hNPR~2nyc\ŁyRbfh{R2c~2RWny£_aNPRgc^±Q§wP¯4=4R!NzwŁyR!wpj]|n§~NPnk]|Rbc1_an(_hfaRbwp_+_hny{R_aNPR2fﬀ_aNPR~n{c\ŁyR2fayRbc~Rgc

wpc}
H
gc_hNR!xPfhRJ]|Rbck_aw _agn{c´¯
(Æ$$b^
D»Å%B¥Å


Á
$
Å´Å Å 

Á\Å

Á
 
MﬀNPR-nyfag{gcwypcPn{cPgcPRJwpfV¥]h¼$½¶V ¬ë_hNzw _gj]µ+g¸_aNPnyd^_
_aNPRikdwy}Pfawp_hdPfaRWfadPRJ®~2wyc%gc}^RbRb}R!fhRbµ+fhg_|_aR2cgc_hNR5£©nyfaQ 
inf
{∫
Ω
W MsFEMH, (x,∇uH)− fuH |uH ∈ VH + BC
}
,
¬Dy{®
g£µ-R5R¹\_aR2c}%_hNR}^R±cg¸_agn{cny£
W MsFEMH,
n{c
Ω
\[
W MsFEMH, (x, ξ) =
∑
i
W MsFEMH, (xi, ξ)1QH,i(x),
]hgc~R
∇uH
gj]q~2nyc]|_awyc{_+n{c%RJwy~N
QH,i
¯
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	9R_}PR2cPny_hR\[
(PH)
wpcsRJi{dg$~2nyck_hgc\dPnyd]+£»wpQ(g[¨np£xPfanpo`RJ~	_hn{fa]qgc
W 1,p(Ω)
w{]h]hn^~gjw _hRJ}%_hn1w
£»wyQ(g[1ny£lq
Ç
±cg¸_aR!R2R2Q(R2ck_a]U]|xw{~RJ]
(VH , || · ||1,p)
¯r¿c¨xwyf|_ag~2dPwyfb\_aNPR2faR5R¹^gj]`_]
C > 0
]|d~N_aNw _
£©n{fqwp
u ∈ W 1,p(Ω)

lim
H→0
||u− PH(u)||1,p = 0
wpc}
||PH(u)||1,p ≤ C||u||1,p.
MﬀNPR5]awpQ(RWwyfh{dPQ(R2ck_a]wy]¶£©nyf-_hNPR5xPfan\np£´ny£MﬀNPR2n{fhRbQ
/
]hNPn µ«_hNwp_-_aNPRW£»wpQ(g[§np£R2cPRbfh{[)£©dc~
Ç
_agn{cwpj]
IMsFEMH, : u 7→
∫
Ω
W MsFEMH, (x,∇PH (u))− fPH(u)
gj]RJikdPg¶n^~2wp[ 	9gx]a~NPg_hª1]hgc~R
(PH)
g]RJi{dgm~nyck_agc\dPn{d]Un{c
W 1,p(Ω)
¯ró_~2nyc\ŁyRbfh{Rb]qxnygck_`µ+g]hRnyc
W 1,p(Ω)
_hn%_hNPR£©dPcz~	_hgnyczwp
I˜hom : u 7→
∫
Ω
Whom(x,∇u)− fu
wy]

wyc}
H
yn4_hn
0
¶\[wpxxPgj~2wp_hgnyc­np£U_aNPRs}^nyQ(gcw _aRb}
~2nyc\ŁyRbfh{R2c~2Rq_aNPR2n{fhRbQ¯MﬀN\d]
IMsFEMH, Γ(W
1,p) Ç
~n{c\ŁyR2fayRJ]m_an
I˜hom
\[ 	9R2Q(Q§w:P¯
SUR¹\_qµ-R5xPfan ŁyRW_hNR~nyc\Ł{R2fayR2cz~RUny£$gc^±Q§w
lim
H→0
lim
→0
(
inf
{∫
Ω
W MsFEMH, (x,∇PH (u))− fPH(u)|u ∈ W
1,p(Ω) + BC
})
= inf
{∫
Ω
Whom(x,∇u) − fu |u ∈ W
1,p(Ω) + BC
}
.
¬ó {®
WR2cPny_hgcP§\[
V˜H = {v ∈ W 1,p(Ω) | v|∂QH,i
gj]ﬀgcPRbwyfﬀ£©nyf+RbŁyR2fa[
i}
´¬»\p®-gQxgRb]
inf
{∫
Ω
W MsFEMH, (x,∇u)− fu |u ∈ VH + BC
}
= inf
{∫
Ω
W(x,∇u)− fPH(u) |u ∈ V˜H + BC
}
.
t-n{c]hRbikdPR2ck_a[{
inf
{∫
Ω
W MsFEMH, (x,∇u)− fu |u ∈ VH + BC
}
≥ inf
{∫
Ω
W(x,∇u)− fPH(u) |u ∈ W
1,p(Ω) + BC
}
,
µ+Ng~NgQ(xPgRb]
lim inf
H→0
lim inf
→0
(
inf
{∫
Ω
W MsFEMH, (x,∇u)− fu |u ∈ VH + BC
})
≥ inf
{∫
Ω
Whom(x,∇u)− fu |u ∈ W
1,p(Ω) + BC
}
,
¬ó\J®
]hgc~R
u 7→ PH(u)
g]w¨~2nyck_hgc\dPnyd]xR2fh_hdPfawp_hgnyc¦µ+g¸_aN¦faRb]hxRb~	_5_an%_aNPR(_hn{xzn{n{y[Hny£¶_aNPR
Γ(Lp) Ç
~2nyc\ŁyRbfh{R2c~2R)¬©_hNPR!gQ(gc^£mwpc}1_hNR!gQ§]|dPx¨gcPRbikdwyg_hgRb]+]|_hg´NPnyj}%µ+g¸_aN%_aNPR!xR2fh_hdPfaw _agn{cz®	¯
Ë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t-n{ckŁ{R2f]|Rb[{\µ-R5NwŁ{Ryk£©nyfqwyck[1QgcPgQ(gªbR2f
uhom
ny£9_hNR!NPnyQ(ny{R2cPgª2RJ}1xfhn{PRbQ¨
lim sup
H→0
lim sup
→0
(
inf
{∫
Ω
W MsFEMH, (x,∇PH (u))− fPH(u)|u ∈ W
1,p(Ω) + BC
})
≤ lim sup
H→0
lim sup
→0
∫
Ω
W MsFEMH, (x,∇PH (uhom))− fPH(uhom)
= inf
{∫
Ω
Whom(x,∇u)− fu |u ∈ W
1,p(Ω) + BC
}
.
¬ópy®
MﬀNR5~2nyQ)Pgczw _hgnycnp£+¬L^J®wpcz}4¬ópy®]hNPn µq]!¬Lp{®¯
¼fhn{Q _aNPg]Wxnygc{_Wnp£_hNPR)xPfankny£`µRNwŁ{R5_hn1}^gj]|_hgcPydPgj]hNs_`µ-n~bwy]hRb]	m_aNPR)]|_hfag~_h[~2nyc\ŁyR2¹~bwy]hR
wyc}1_hNPR!{R2cPRbfawyC~bwy]hRy¯
r¿c)_hNPR+]|_hfag~_h[~n{c\ŁyR¹~bwy]hRy_hNRﬀ]awpQ(RﬀwpfaydPQ(Rbc{_]wy]£©nyf$_hNRxfhn\np£znp£_aNPR+]`_afhn{cPW~2nyc\ŁyRbfh{R2c~2R
ny£´_hNRRJikdPgCg]hnyjw _aRb}Q(gcPgQgª2Rbfa]gcMﬀNR2nyfaR2Q¢(}^gfhRJ~	_h[]hNPn µ._hNRdcPgikdPRbcPRb]a]np£´_aNPR5Q(gcPgQ(gªbR2f
£©n{f$_hNPRﬀNPn{Qn{yRbcPgªbRb}!RbcPR2fay[wyc}!_aNPR+]`_afhn{cPW~2nyc\ŁyRbfh{R2c~2Rmnp£z_hNPRﬀdPcgikdPR+]hRbikdPR2cz~Rnp£Q(gcPgQ(gª2Rbfa]
uH, ∈ VH + BC
np£
inf
{∫
Ω
W MsFEMH, (x,∇PH (u))− fPH(u) |u ∈ W
1,p(Ω) + BC
}
¬ó
/
®
_an
uhom
µ+NPR2c

wyc}
H
{n)_an§P¯
¼nyf´_aNPRm{R2cPRbfawyyikdwy]hg~2nyc\ŁyR2¹W~2w{]|R{bR_$d]9~2nyc]hgj}^R2f9wU]|RJi{dR2c~2Rnp£^Q(gcPgQ(gªbR2f]
uH, ∈ VH+BC
ny£¶¬L
/
®mwyc}§xPfan ŁyRq_hNwp_-g_µRbwy·k[(~nyc\Ł{R2fayRb]bpdPx1_hn)R¹\_hfwy~_hgnyc´{_hn]|n{QRUQgcPgQ(gªbR2f
uhom
ny£´_hNPR
NnyQ(ny{R2cPgª2RJ}1xPfanyRbQ¯ =¦R]|·\gx¨_hNPR)~nyc\Ł{R2fayR2cz~Rgc

]|gc~R_hNPR}Pg ~d¸_`[¨}^n\Rb]+cnp_U[yR5_aNPR2faRy¯
ró_qfaR2Q§wygc]_an(xPfhn Ł{Ry\µ+g_hNsny\Ł\gnyd]cPny_aw _agn{c´\_hNzw _+_hNR!µ-RJwp·gQ(g_qnp£
uH,hom ∈ VH + BC
]`_ag
}PR2cPny_hRb}%\[
uhom
Pg]+wQ(gcPgQ(gª2Rbfqnp£_hNPR!NPn{Q(nyyRbcPgª2Rb}%xPfanyPR2Q¨¯ =¦RwpfhRJwy}^[§·\cPn µ _hNwp_
lim
H→0
IMsFEMH,hom (uH,hom) = inf{I˜hom(u), u ∈ W
1,p(Ω) + BC}
¬L k®
=¦R!NwŁ{R 
IMsFEMH,hom (uH,hom)− I˜(uhom) = I
MsFEM
H,hom (uH,hom)− I˜(uH,hom) + I˜(uH,hom)− I˜(uhom).
l¶fhn Ł\gj}^Rb}1_hNwp_
lim
H→0
(
IMsFEMH,hom (uH,hom)− I˜(uH,hom)
)
= 0,
¬Lyy®
_aNPR!µRbwp·\[§n µR2f+]hR2Q(gj~nyck_agc\dPg_`[np£
I˜hom
gQ(xPgRJ]ﬀ_hNzw _
lim inf
H→0
IMsFEMH,hom (uH,hom) ≥ I˜(uhom),
µ+Ng~N´P~2nyQ)PgcRb}µ+g¸_aNÈ¬L\®	P]hNPn µq]-_hNwp_
uhom
g]+w(Q(gcPgQgª2Rbf+np£$_hNPR!NnyQ(ny{R2cPgª2RJ}xPfanyPR2Q¨¯
u+~_hdwy[y´µR(}^n%cnp_!R¹Pwy~_h[sxPfan ŁyR%¬óp{®+£©n{f
uH,hom
PdP_£©n{f!w
p Ç
RJi{dg
Ç
gck_aR2yfwpR]|RJi{dR2c~2R
vH,hom
]|_hg´µRbwy·\[1~2nyc\ŁyRbfh{gc_hn
uhom
wyc}ygŁyRbc%\[	9R2Q(Q§wyy¯¶Y^d~Nsw(xPfhn\ny£9£©nyfqw
p Ç
RJikdPg
Ç
gck_hRbyfwpPR+]|RJi{dR2c~2R+g]m}PR_awygRb}_`µ+gj~R+gc(_hNRUuqxPxR2cz}^g¸¹H¬LY\Rb~_hgnyc]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∫
Ω−BH
W MsFEMH,hom (x,∇uH,hom)
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gcPRJi{dzwpg¸_agRJ]ﬀnp£ 	´R2Q(Q§w
/
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Γ Ç
gQg_qnyc_aNPR]|xzwy~RJ]+wy]a]|n^~2gwp_hRb}_hnH¬|J®	¬Dy®qwpc}¦¬
/
®g]ﬀ_aNPR]awpQ(Rwy]_aNPR
Γ Ç
gQg_+nyc
W 1,p(Ω)
g¸_q]hd~Rb]-_an)R2¹\NgPg_qwfaRb~2n ŁyRbfh[(]|RJikdPR2c~2RWµ+Ng~N%zRbn{cP{]-_hn_aNPR5Łwyfhgjw _agn{cwp
]hxw{~R§wy]a]|n^~2gwp_hRb}¥_hn_aNPRnydPc}wpfa[¥~n{c}^g_hgnyc]!~2nyc]hg}PR2faRb}¦]|gc~R 	9R2Q(Q§wH%gQ(xPgRJ]!_aNPR§gQ(gcP£
gcPRJi{dzwpg¸_`[Ègj](Ł wpg}nyc­_hNPR¨µ+NPn{R¨]|xzwy~R
W 1,p(Ω)
¯ =¦R¨fhR2£©R2f_hn 6 ¶l¶fhn{xznk]|g_hgnyc yy¯ä>8+µ+NPRbfhR
_aNPgj]+g]a]hdPR!g]Uwy}P}^faRb]a]hRb}1£©nyf¬|J®	¯-MﬀNPR~2w{]|R¬Ly®gj]qw§}^gfhRJ~	_Uwy}wpx^_w _hgnycnp£$_hNRxPfankny£9£©n{f¬`®ﬀ]|gc~R
w{])~2nyck_hfad~_hRb}gc 6 z¶lmfanyxn{]hg_hgnyc {y¯ä>8ó_hNPR¨faRb~n Ł{R2fa[4]hRbikdPRbc~R¨~2wycgc}^R2RJ}²\[ÈxR2fagn^}^gª2RJ}²g£
_aNPR¨gQ(g¸_
u
gj](xzRbfhgn^}^gj~p¯­MﬀNR¨~bwy]hR¦¬
/
®~2wycRH}^Rbwy¸_(µ+g_hN.wy])£©nyn µq] %ygŁyR2cºwpc\[
u ∈ {v ∈
W 1,p(Ω) | < ∇v >Ω= ξ}
9_aNPR2faR§R¹^gj]`_]wH]hRbikdPRbc~R
(u)
]|dz~N4_aNw _
u ⇀ u
gc
W 1,p(Ω)
wpc}
lim
→0
∫
Ω
W(x,∇u) =
∫
Ω
Whom(x,∇u)
k[_hNPR5}^R±zcPg¸_agn{c%ny£
Γ Ç
~2nyc\ŁyRbfh{R2c~2Ry¯ 	9R_ﬀ_hNPRbc~2nyc]hgj}^R2f
_aNPR£©nyn µ+gcP¤]|RJikdPR2c~2R 
u˜(x) = u(x) + (ξ− < ∇u >Ω) · x
¯ MﬀNPgj]§]|RJikdPR2c~2R¨zRbn{cP{])_hn
{v ∈ W 1,p(Ω) | < ∇v >Ω= ξ}
wpc}¤µRbwy·\[¦~nyc\Ł{R2fayRb]_an
u
gc
W 1,p(Ω)
¯¥r¿c²wy}P}^g_hgnyc9mwy]w
~2nyc]hRbikdPRbc~Rnp£ 	´RbQ(Q(w(
||∇u −∇u˜||Lp(Ω) = |ξ− < ∇u >Ω |L
n(Ω) → 0
gQ(xPgRJ]_hNwp_
lim
→0
∣∣∣∣
∫
Ω
Wτ (x,∇u)−
∫
Ω
Wτ (x,∇u˜)
∣∣∣∣ = 0
dcPg¸£©n{fhQ([gc
τ
¯-MﬀNPR2faR£©n{fhR{
lim
→0
∫
Ω
W(x,∇u˜) =
∫
Ω
Whom(x,∇u),
µ+Ng~NxPfan ŁyRb]-_aNw _
(u˜)
gj]qwfaRb~n Ł{R2fa[§]|RJi{dR2c~2Rgc
{v ∈ W 1,p(Ω) | < ∇v >Ω= ξ}
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wy]hgj~xPfanyxR2fh_hgRb]Wnp£
Γ Ç
~nyc\Ł{R2fayR2cz~Ryµ+NPgj~N4~bwpc¥R(fhRJwy}¥gc¥_hNPR±f]`_
~Nzwpx^_aR2f5np£ 6 >8ó¯'=4R(faRb~bwp_aNw _	9R2Q(Q§w¨wy]hn%Nnyj}P]W£©nyf!fwpcP·
Ç
nycPR£©dPc~	_agn{c]5nyc
R
n×d µ+g¸_aN¦w
}Pg CR2faR2ck_q~n{c]`_wpck_
K
]hgc~R!wpc\[§_`µnQ(wp_hfag~2Rb]np£
R
n×d wpfaR5~2nycPcRb~	_aRb}1k[%w _+Q(n{]|_ nd
fwpc·
Ç
nycR
Q§wp_hfag~2Rb]b¯
<[¦_hNPR%}^nyQ(gcw _aRb}²~2nyc\ŁyRbfh{R2c~2R)_aNPR2n{fhRbQ¨
lim
→0
∫
ω
W˜(x,∇u)dx =
∫
ω
W˜ (x,∇u)dx
£©nyf)R2Ł
Ç
Rbfh[
u ∈ W 1,p(ω)
¯1MﬀN\d]b
Γ− lim sup
→0
∫
ω
W˜(x,∇u)dx ≤
∫
ω
W˜ (x,∇u)dx
¯MﬀNPR~n{c~d]hgn{c4gj]
w{~NPgR2ŁyRJ}g£$µR5xPfan ŁyRW_hNwp_
∫
ω
W˜ (x,∇u)dx ≤ Γ− lim inf
→0
∫
ω
W˜(x,∇u)dx
¬Lp{®
	9R_qd]ﬀ±¹
u ∈ W 1,p(Ω)
¯4<[1_hNPRwy]|n{dP_hR!~n{c{_agc\dPg_`[1ny£_aNPR!gc{_aR2{fawyC£©nyf+R2Ł{R2fa[
θ > 0
_aNPR2faR
R2¹^g]|_a]
δ > 0
]hd~N1_aNw _ ∫
A
(|∇u|p + 1)dx < θ
¬L{p®
£©n{fﬀR2ŁyRbfh[(Q(Rb]hdPfwpPR5]|dPz]|R2_
A
ny£
ω
µ+g_hN
LN (A) < δ
¯mVsnyfaR2n Ł{R2fJp_aNPR2faR5R¹^g]|_a]
R > 0
]hd~N%_hNwp_
LN ({|∇u| ≥ R}) < δ
¯
	9R_
K = C((R + 1)p + 1)
wyc}R2_
ξ1, . . . , ξm
zR!xnygck_a]ﬀgc_hNPR!wy
B(0, R)
]hd~N%_hNwp_
B(0, R) ⊆ ∪mi=0B(ξi, /K).
¬L:{®
<[)_hNPRU½myn{fhn Ł_hNPRbnyfaR2Q¨p_aNPRW]hRbikdPRbc~RJ]
(W˜(·, ξi))
~2nyc\ŁyRbfh{R_hn
W˜ (·, ξi)
ikdwy]hg
Ç
dPcPg£©nyfaQ([)nyc
ω
¯
MﬀNR2faR£©nyfaRy\_aNPR2faR!R¹^gj]`_Uw(Q(RJwy]hdPfawyPR5]hdP]hR_
A
np£
ω
Pµ+g¸_aN
LN (A) < δ
wpcz}w§~2nyc]|_awyck_
k
]hd~N
_aNw _
|W˜(x, ξi)− W˜ (x, ξi)| ≤ θ
£©n{fqR2Ł{R2fa[
x ∈ ω \A

i = 1, . . . , m
zwpc}
 ≤ 1/k
¯ <-[¦¬L:{®wpc}
\[ 	9R2Q(Q§w(PPµR5ny^_wpgc
|W˜(x, ξ)− W˜ (x, ξ)| < 3θ
¬Lp{®
£©n{f+R2Ł{R2fa[
x ∈ ω \A
^£©n{f+R2Ł{R2fa[
ξ ∈ B(0, R)
wpc}
 ≤ 1/k
¯
	9R_
B = A ∪ {|∇u| ≥ R}
^R_
g : ω × Rn → R
R5_hNR5£©dPc~	_agn{cs}^R±cRb}\[
g(x, ξ) =
{
W˜ (x, ξ),
g£
x /∈ B,
0,
g¸£
x ∈ B,
wyc}%R2_
G : W 1,p(ω) → R
zR5_aNPR~n{fhfaRb]hxnyc}^gcP)gck_hRbyfwp£©dPc~_hgnycwyDz}^R±cRb}\[
G(u) =
∫
ω
g(x,∇u)dx.
ró£
c = 3LN (ω)
$¬ó {®qgQ(xPgRb]
∫
ω
W˜(x,∇u)dx + cθ ≥ G(u)
£©n{fWRbŁyRbfh[
 ≤ 1/k
¯WuW]
G
gj]n µR2f
]hR2Q(gj~n{c{_agc\dPn{d]-£©nyfﬀ_aNPR!µ-RJwp·§_anyxnyny{[§np£
W 1,p(ω)
PµR~n{c~d}^R_aNw _
(
Γ− lim inf
→0
∫
ω
W˜(x,∇u)dx
)
+ cθ ≥ G(u).
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∫
ω
W˜ (x,∇u)dx ≤ G(u) + c1
∫
B
(|∇u|p + 1)dx
^£©fanyQ/¬óyy®¶µR5yR2_
∫
ω
W˜ (x,∇u)dx ≤ G(u) + 2c1θ ≤
(
Γ− lim inf
→0
∫
ω
W˜(x,∇u)dx
)
+ (c + 2c1)θ,
]hn_hNwp_¬Lp{®~2wyc%R!ny^_wpgcPRb}%\[§_awy·\gcP_aNPR!gQ(g¸_wy]
θ
_hR2cz}P]ﬀ_hn
0
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x ∈ O
wpcz}¥£©n{fwp
ξ ∈ Rn×d
µ-R±f]`_
xfhn Ł{R
lim sup
→0
Qf(x, ξ) ≤ Qf(x, ξ).
¬:yk®
MﬀNR2cµ-R!xPfan ŁyRW_hNR~nyc\Ł{R2f]|RWgcPRJikdwpg¸_`[
lim inf
→0
Qf(x, ξ) ≥ Qf(x, ξ).
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 > 0
9wyQ(n{]|_R2Ł{R2fa[
x ∈ O
wpcz}¥£©n{fwp
ξ ∈ Rn×d
µ-R
NzwŁyR
Qf(x, ξ) = inf
{∫
(0,1)n
f(x, ξ +∇v(y))dy | v ∈ W
1,p
0 ((0, 1)
n, Rd)
}
≤
∫
(0,1)n
f(x, ξ +∇u(y))dy
¬.:{y®
£©n{f¶RbŁyR2fa[
u ∈ W 1,p0 ((0, 1)
n, Rd)
¯TW]|gcP_aNPRU{fhn µﬀ_aN§~nycz}^g¸_agn{c¥¬`y®wyc}_hNR}^n{Q(gcwp_hRJ}§~nyc\Ł{R2f
Ç
{R2c~2R_hNPRbnyfaR2Q¨^µ-R5NwŁ{R
lim sup
→0
Qf(x, ξ) ≤
∫
(0,1)n
f(x, ξ +∇u(y))dy.
¬.:
/
®
Y^gc~2R5Rbikdw _agn{c¦¬.:
/
®NPnyj}P]£©nyf+RbŁyRbfh[
u ∈ W 1,p0 ((0, 1)
n, Rd)
PµR5ny^_wpgc
lim sup
→0
Qf(x, ξ) ≤ inf
{∫
(0,1)n
f(x, ξ +∇v) | v ∈ W 1,p0 ((0, 1)
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∫
ω
Qf(x, ξ) = lim
k→∞
∫
ω
f(x,∇φ
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∫
ω
f(x,∇φ

k) ≥ c||∇φ

k ||Lp(ω)
wpcz}
∫
ω
Qf(x, ξ) ≤
∫
ω
f(x, ξ) ≤ C(1 + |ξ|
p)Ln(ω)
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L ∈ R
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lim
j→∞
∫
ω
Qfj (x, ξ) = L
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lim
j→∞
lim
k→∞
∫
ω
fj (x,∇φ
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lim
k→∞
pi(k) = +∞
wpc}
lim
k→∞
∫
ω
fpi(k)(x,∇φ
pi(k)
k ) = L.
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φ
pi(k)
k
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lim
k→∞
φ
pi(k)
k = uξ
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Lp(ω, Rn)
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∫
ω
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∫
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ω
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κ ∈ N
]hd~N
_aNw _+£©n{fqwp
 < 1/κ
wpcz}
k > 0

∫
ω
|f(x,∇χk)− f(x,∇χk)| ≤ (3L
N (ω) + 2C)θ,
¬»{{®
µ+Ng~NxPfan ŁyRb]5¬.:y{®¯
¼$gcwp[{zw{]!¬:ky®NPnyj}P]ﬀ£©n{fUwpc\[1~2nyc\ŁyRbfh{gc]hdP]hRbikdPRbc~R5np£
∫
ω
Qfj (x, ξ)
wpc}%£©n{fUwpc\[ 	9gx]
Ç
~Ng¸_aªn{xzRbcs]|dPz]|R2_
ω
np£
O
PµR!nyP_awpgc¤¬:P®	¯MﬀNPgj]q~n{c~d}^RJ]_hNPR!xfhn\np£$np£	´R2Q(Q§w¨JP¯
ËËÙjéçk>l
{  
 #

 ﬃ   0% ( (  / !. 	
MﬀNg]ﬀxPfan\np£$g]+zwy]hRb}%nycR2R2Q(R2ck_awyfh[~bwpj~dPd]b¯
|W (x, ξ1)−W (x, ξ2)| =
∣∣∣∣
∫ 1
0
a(x, ξ1 + t(ξ2 − ξ1)) · (ξ2 − ξ1)d t
∣∣∣∣
≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2 − ξ1|
p−1)
≤ C|ξ2 − ξ1|(1 + |ξ1|
p−1 + |ξ2|
p−1)
£©n{fqwp
α ≥ 0
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inf
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Ω
W (x,∇v) | v ∈ K
}
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v ∈ K

∫
Ω
a(x,∇u) · (∇v −∇u) ≥ 0
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∫
Ω
W (x,∇u)−
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W (x,∇v)−
∫
Ω
a(x,∇u) · (∇v −∇u) ≥ c||∇u−∇v||pLp(Ω).
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g : [0, 1] → R, t 7→ g(t) =
∫
Ω
a(x,∇u + t(∇v −∇u)).
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Ω
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= g(1)− g(0)− g′(0)
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∫ 1
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0
||∇v −∇u||pLp(Ω)t
p−1d t
≥ c||∇v −∇u||pLp(Ω),
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